Linear Equation in Finite Dimensional Algebra 



Aleks Kleyn 

Abstract. In the paper I considered methods for solving equations of the 
form 

(s)0 a x = b 

in the algebra which is finite dimensional over the field. 
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1. Preface 

My recent research in the field of calculus ( [3] ) and affine geometry over division 
ring ([4]) has led me to the need to solve linear equations of the form 

(1.1) (s ) a x ( s)1 a = b 

or system of such equations over division ring. The main problem that interests 
me is to find the inverse transformation, because this is important operation for 
the transformation of the tensor, as well as for lifting and lowering the index in 
Euclidean space. 

In this paper I explored the possibility of solving the simplest equation. In 
modern mathematics and physics, scientists consider structures where product can 
be nonassociative. So I wonder what results will remain, if I consider linear algebra 
in finite dimensional algebra A over field. 

Coefficients of the equation (1.1) belongs to tensor product A® A. This allows 
us to apply previously developed methods to solve equation (1.1). In the paper, I 
consider two methods to solve equation (1.1). 

First, I consider the algebra A as vector space over the field F. This allows 
me replace equation (1.1) by the system of linear equations which we can solve. 
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Immediately it becomes evident that the equation (1.1) may have one solution, 
infinitely many solutions or none. 

Though the standard representation of linear equation is not always the most 
compact form of notation, it simplifies the construction. Second method to solve 
equation (1.1) is based on the standard representation of linear expression. When 
the equation has one solution, this method allows us to find an inverse map (the 
problem which is important for me in tensor calculus) , as well as better understand 
what it means to the singular linear map (this is important to construct homology of 
algebra; in particular, to understand how could look the Cauchy-Riemann equations 
in algebra and what functions hold this equation). 

Expression (4.8) as record of the identity transformation looks unusually. I 
saw such time of expression first time in equation [2]-(6.4.3). However, it was 
the beginning of my research in this field, and I was not ready at that time to 
understand all the depth I have seen. 

2. Conventions 

(1) In any expression where we use index I assume that this index may have 
internal structure. For instance, considering the algebra A we enumerate 
coordinates of a £ A relative to basis e by an index i. This means that 
a is a vector. However, if a is matrix, then we need two indexes, one 
enumerates rows, another enumerates columns. In the case, when index has 
structure, wc begin the index from symbol • in the corresponding position. 
For instance, if I consider the matrix a* as an element of a vector space, 
then I can write the element of matrix as a'j. 

(2) I assume sum over index s in expression like 

(s)0 a x (s)l« 

(3) For given field F, unless otherwise stated, we consider finite dimensional 
F-algebra. 

(4) We consider algebra A which is finite dimensional vector space over center. 
Considering expansion of element of algebra A relative basis e we use the 
same root letter to denote this element and its coordinates. However we 
do not use vector notation in algebra. In expression a 2 , it is not clear 
whether this is component of expansion of element a relative basis, or this 
is operation a 2 = aa. To make text more clear we use separate color for 
index of element of algebra. For instance, 

a = a x ei 

(5) When we consider finite dimensional algebra we identify the vector of basis 
eo with unit of algebra. 

(6) Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 

3. Product in Algebra 

Let F be field and A be finite dimensional algebra over field F. Let e be the 
basis of algebra A over field F. Wc define the product of basis vectors according to 
rule 

(3.1) eiej = B%e k 



Linear Equation in Finite Dimensional Algebra 3 

where Bf- are structural constants of algebra A over field F. Since I do not assume 
operation to be neither commutative, nor associative, I do not have any constraint 
for structural constants. 

From equation (3.1), it follows that we can get the product of a. b 6 A according 
to rule 

(3.2) (ab) k = B%a l \P 

4. Linear Equation in Associative Algebra 
We write linear equation in associative algebra A in the following form 

(4.1) ( s)0 a x (g) X a = b 

According to the theorem [2] -9. 2. 5, we can write the equation (4.1) in standard 
form 

(4.2) a ij eixej = b 

According to the theorem [2]-9.2.6 equation (4.2) is equivalent to equation 

(4.3) x l 4 = V 

(4-4) ai=a kr B^Bi r 
Theorem 4.1. If determinant 

(4.5) det||a?'||^0 

then equation (4.1) has only one solution. 

If determinant equal 0, then F -linear dependence of vector b from vectors a^ej 
is condition of existence of solution. In this case, equation (4.1) has infinitely many 
solutions. Otherwise equation does not have solution. 

Proof. The statement of the theorem is corollary of the theory of linear equations 
over field. □ 

Theorem 4.2. Let the equation (4.2) satisfies to condition (4.5). If we consider 
the equation (4.2) as transformation of algebra A, then we can write the inverse 
transformation in form 

(4.6) x = c pq e p be q 
where components c pq satisfy to equation 

(4.7) S r Q S s = a i3 d>"Bl p B s qj 

Proof. According to theorem 4.1, equation (4.2) has only one solution. Since x is 
linear function of &, then we consider standard representation (4.6) of this function. 
From equations (4.2), (4.6), it follows that 

(4.8) b = a ij c^eiepbeqej = a ij c pq B^ p B s qj e r be s 

Since b is arbitrary, then the equation (4.8) is record of identity transformation. 
Equation (4.7) is corollary of the equation (4.8) and the theorem [2J-9.2.13. □ 
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5. Invertibility of Elements in the Associative Algebra 
Theorem 5.1. Let a G A do not have right inverse. Then 



Proof. If a € .A has right inverse, then the equation 

ax = eo 

has solution. If determinant is different from 0, then the equation has only one 
solution. Therefore, determinant must be equal to 0. According to the theorem 
4.1, the equation has infinitely many solutions, if vector eo is linear combination 
of vectors B^a l ek. However in this case vectors of the basis are linear dependent. 
Therefore, the condition (5.1) is equivalent to the irreversibility of a on the right. □ 

Example 5.2. Basis of algebra ofnxn matrices consists of matrices 



From the equation (5.3) and theorem 5.1 it follows that the matrix a does not have 
right inverse, if 



(5.1) 



dfit||s,yn = o 




From the equation (5.2) it follows that 



(5.3) BlH = 8l5l5i 



(5.4) det \\Bi.lla\W = det ||<5?^o*|| = det ||^<|| = 

If we enumerate rows and columns of matrix (5.4) by index * , then we will see that 
matrix (5.4) is matrix 




where E n is n x n identity matrix. 

Let us prove by induction over m that 



(5.6) det < A 7 E m >= (det A) 

For m = 1, < A, Ei >= A. Therefore, 



dct <A,Ei >= dct A 



Let the statement is true for m — 1. We can represent minor a l jE m in the form 




We select in each minor a l ^E m first element in first row, we get minor 




Linear Equation in Finite Dimensional Algebra 



5 



that has algebraic complement 

a\E m -i ... a n E m -i 



-< A, E m -i > 



\0<iE m -i ... a™E rn -i 

The other minors in the corresponding set of columns have at least one row con- 
sisting from 0. According to Laplace expansion theorem ([1], p. 51, [5], p. 259) 

dct < A,E m > = dct Add < A, E m -\ >= dot A (dct A) 771 ^ 1 = (dct A) m 

Therefore, from theorem 5.1 it follows that matrix A does not have right inverse 
iff (det A) m = 0. It is evident that this condition is equivalent to request det A = 
0. □ 

6. Equation ax - xa = 1 

Theorem 6.1. Equation 

ax — xa = 1 
in quaternion algebra does not have solutions. 

Proof. From equation, it follows that 

{ax)o - (xa)o = 1 
However, in quaternion algebra, it is true that 

(ax) = (xa) 



□ 



Theorem 6.2. Equation 

ax — xa = 1 

in algebra of matrix of order 2 does not have solutions. 
Proof. The theorem immediately follows from calculations 







u 


:!)< 





i Qj y X y — \~ d^X y (XyX^ I ^'2'^'2/ \ X^CL - ^ j X^CLy XyCL^ \ X^CL^ 



12 21 11 12 

d^Xy ClyX^ (XyX^ ~r~ ^2*^2 ' ^2*^1 



l CLyXy ~\~ Cb^Xy — (XyXy CLyX^ CLyX^ Cl^Xy 




*1^2 



+a3>Xi = 1 

a 2 X l ~K°1 — a i) X 2 + a 2' X 2 = 

a^} + (^1 - a}):rf -a\x\ = 

~\~Q/yCC^ Ou^X-y — — 1 

It is evident that first and fourth equation are incompatible. □ 
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Theorem 6.3. The equation 

ax — xa — 1 
in the algebra A has only one solution if 

det||(B£-i^K||^0 
Proof. The theorem is corollary of the theorem 4.1. □ 

7. Linear Equation in Nonassociative Algebra 
We write linear equation in nonassociative algebra A in the following form 

(7-1) (a)oOl (x ( a )lOl) + ((t)0O2 X) ( t )l02 = & 

According to the theorem [2] -9. 2. 5, we can write the equation (7.1) in standard 
form 

(7.2) a\ J ei(xej) + a 1 ^ (e;x)ej = b 

a i J = (s)oOi (s)i a i (s)oai = (s)oaiei ( s )i«i = (s)ia\ei 



2 = (s)0^2 (s)l&2 (s)0O2 = (s)0 a 2 e i (s)l a 2 — (s)l«2 e i 



Theorem 7.1. Equation (7.2) is equivalent to equation 

(7.3) z fe a£ = ft 1 ' 

(7.4) a r k = a?B p kj Br p + a?B? k B; 3 
Proof. From the equation (3.1), it follows that 

(7.5) ei(xej) = x k ei(e k ej) = x^B^ep = x k Bl j B r ip e r 

(7.6) (e.ix)ej = x k {e i e k )e j = x k Bf k e p e j = x h B p ik B r pj e r 

Equations (7.3), (7.4) follow from equations (7.5), (7.6). □ 
Theorem 7.2. If determinant 

(7.7) det|K||^0 

then equation (7.1) has only one solution. 

If determinant equal 0, then F '-linear dependence of vector b from vectors a^Sj 
is condition of existence of solution. In this case, equation (4.1) has infinitely many 
solutions. Otherwise equation does not have solution. 

Proof. The statement of the theorem is corollary of the theory of linear equations 
over field. □ 
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JlHHefiHoe ypaBHeHne b KOHeiHOMepHofi ajire6pe 



AjieKcaHflp KjieiiH 

Ahhotalimh. B CTaTi>e paccMOTpeHti MeTO^bi peineHiisi ypaBHeHHH BH^a 

( s )0« x (s)i a = b 
b anre6pe, koh6 i ihom6Phoh Hafl nojieM. 
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1. IlPEflHCnOBHE 

Moh HeflaBHHe HCCjieflOBaHHH b o6jiacTH MaTeMaTinecKoro aHajiH3a ([3]) h acp- 
(pHHHOH reoMeTpHH Hafl tcjiom ([4]) npHBejin mchh k Heo6xofliiMOCTH peniaTb jih- 
HeiiHbie ypaBHeHHH Bii^a 

(1.1) ( s ) a x (g)ia = b 

hjih CHCTeMbi no,i];o6HBix ypaBHeHiiii over division ring. OcHOBnaa 3a,naHa, KOTopan 
MeHH HHTepecyeT, - sto HaiiTH o6paTHoe npeo6pa30BaHne, Tax KaK sto ocHOBnas 
onepauHH npn npn npeo6pa30BanHH Teroopa, a Tax »ce npn no/nraTHii h onycKaHHH 
HH^eKca B SBKJIH/ipBOM npocTpaHCTBe. 

B 3toh CTaTbe h nccjieflOBaji bo3mojkhoctb peineHHH npocTeiiniero ypaBHeHHH. B 
coBpeMeHHOii MaTeMaTHKe h cpH3iiKe paccMaTpHBaiOTCH CTpyKTypbi r/ie oneparniH 
npon3BefleHHH mojkct 6bitb HeaccoiiiiaTHBHOH. ITosTOMy MeHH HHTepecyeT, Kaxne 
pe3yjiBTaTbi coxpaHHTCH, ecjin h 6ya,y paccMaTpHBaTb jiHHeftHyio ajire6py b KOHen- 
HOMepHoii ajire6pe A Ha,n nojieM. 

Ko3<pcpHLi,HeHTbi ypaBHeHHH (1.1) npHHafljiejKaT T6H30pH0My npoH3Be,neHHio A® 
A. 3to no3BOjiHeT npHMeHHTb pa3pa6oTaHHbie paHee MeTOflbi k peuieHHio ypaBHe- 
HHH (1.1). B CTaTbe h paccMaTpHBaio ppa MeTon,a penieHHH ypaBHeHHH (1.1). 
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CnepBa h paccMaTpiiBaio ajire6py A KaK BeKTopHoe npocTpaHCTBO Hafl nojieM 
F. 3to no3BOjifleT 3aMeHHTB ypaBHeHHe (1.1) CHCTeMofi jiHHeftHbix ypaBHemift, ko- 
Topbie Mbi yMeeM peinaTb. Cpa3y CTaHOBHTCs o^eBH^HbiM, hto ypaBHeHHe (1.1) 

MOJKeT HM6TB O/HIH KOpeHb, 66CKOH6MHO MHOrO KOpHefi JIh6o HH O^HOrO. 

Xoth CTaHflapTHoe npeflCTaBjiemie jniHeimoro BBipasceHHH He Bceiyja caMaa kom- 
naKTHaa cpopMa 3anncn, oho no3BOjis:eT ynpocTHTb nocTpoeHHe. BTopoft mcto/i, 
penieHHH ypaBneHHH (1.1) onnpaeTCH Ha CTaHflapTHoe npe^CTaBjieHHe jiHHeiiHoro 
BbipajKeHHH. Korfla ypaBHeHiie HMeeT efliracTBeHHoe penieHHe, stot MeTOA no3BOjis- 
eT nafiTH o6paTHoe OTo6pajKeHHe (saflana, KOTopaa Ba>KHa fljia MeHH b TeH3opHOM 
hchhcjichhh) , a TaK }Ke jiynnie noHHTB, hto snaniiT BBipoameHHoe jiHHefiHoe oto6- 
pajKeHne (sto Heo6xo,n,HMO pjin nocTpoemiH roMOjiorHfi ajire6pBi: b nacTHOCTH, hto 
6bi noHSTb KaK MOxeT BBirjiHfleTb ypaBHeHHe Konni-PHMaHa b ajire6pe h KaKiie 
cpyHKH,HH eMy ynpBjieTBopHiOT) . 

Bbipa>KeHHe (4.8) KaK 3anHCB TOJKflecTBeHHoro npeo6pa30BaHHa BBirjia/niT Heo6biH- 
ho. B nepBbifi pa3 h c t9,khm BBipaxeHHeM CTOjiKHyjiCH b paBeHCTBe [2]-(6.4.3). Ho 
3to 6bijio caMoe Hanajio Moero nccjieflOBanHH b stoh o6jiacTH, n h He 6biji totob b 
to BpeMH noHHTb Bceft rjiy6HHbi mhokj yBimeHHoro. 

2. CorjlAIUEHHfl 

(1) B jho6om BbipajKeHHH, r,n;e noHBjiaeTCH HH^eKC, h npe/niojiaraio, hto 3tot 
HHfleKC MOHceT HM6Tb BHyTpeHHKoo CTpyKTypy. HanpuMep, npn paccMOTpe- 
hhh ajire6pbi A KOop/niHaTBi a £ A OTHOCHTejiBHO 6a3nca e npoHyMepoBanbi 
HHfleKCOM i. 3to 03HaHaeT, hto a HBjiaeTCs BeKTopoM. O/ipaKO, ecjin a hb- 
jiaeTca MaTpHueft, Hail Heo6xo,u;HMO flBa HH/i,eKca, opjm HyMepyeT ctpokh, 
flpyroii - ctoji6hbi. B tom cjiy^ae, KOiyja mbi yTonroieM CTpyKTypy HHfleK- 
ca, mbi 6yn,eM HanHHaTB HH/i,eKC c CHMBOjia ■ b cooTBeTCTByioiHeH ho3Hhhh. 
HanpHMep, ecjin h paccMaTpHBaio MaTpnny a*- KaK sjicmcht BeKTopHoro 
npocTpaHCTBa, to a Mory 3anncaTb ajieMeHT MaTpHHbi b BH^e a'*-. 

(2) B BBipajKemiH BH/ja 

{s)0 a x 0)i a 
npeflnojiaraeTCH cyMMa no iiH^eKcy s. 

(3) JXjisi Aa-Hsoro nojia F, ecjin He oroBopeno npoTHBHoe, mbi 6yn,eM paccMaT- 
pHBaTB KOHeHHOMepHyio i 7 '-ajire6py. 

(4) Mbi 6y^eM paccMaTpHBaTb ajire6py A, KOTopaa HBjiaeTCH kohchho MepHBiM 
BeKTopHBiM npocTpancTBOM Hafl n,eHTpoM. Hpn pa3jiojKenHH sjieMeHTa aji- 
re6pBi A othochtcjibho 6a3nca e mbi nojn>3yeMca o/nroii h toh »ce KopHeBoii 
6yKBOii ,h;jih o6o3HaHeHiia SToro sjieMeHTa 11 ero KOop/niHaT. OflHaKO b aji- 
re6pe ne npHHaTO HcnojiB30BaTB BeKTopHBie o6o3HaHeHiia. B BBipa»ceHHH 
a 2 ne hcho - 3to KOMnoHeHTa pa3jiojKeHHH sjieMeHTa a othochtcjibho 6a3nca 
hjih 3to onepau;iiH B03BefleHHa b CTeneHB. ^jih o6jierHeHHa HTeHHa TeKCTa 
mbi 6yn,eM HH^eKC sjieMeHTa ajire6pBi BBiflejiaTB u,BeTOM. HanpiiMep, 

a = a l ei 

(5) Ilpn paccMOTpeHHH KOHeHHOMepHOii ajire6pbi mbi 6yn,eM OTOJK/i,ecTBjisTB 
BeKTop 6a3Hca eo c eflHHHu,eii ajire6pBi. 

(6) Be3 coMHeHHH, y HHTaTejia mohx CTaTeii MoryT 6bitb BonpocBi, 3aMeHaHiia, 
B03pa>KeHHH. 51 6y^,y nproHaTejieH jno6oMy 0T3tiBy. 
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3. IlPOH3BE,n,EHHE B AJITEBPE 

IlycTb F - nojie h A - KOHenHOMepHaa ajire6pa Ha^ nojieM F. IlycTb e - 6a3iic 
ajire6pbi A Hafl nojieM F. IIpoH3BefleHHe 6a3HCHbix BeKTopoB onpeflejieHO corjiacHO 
npaBHjiy 

(3.1) etej = B%e k 

rpfi Bfj - CTpyKTypHbie KOHCTaHTbi ajireGpti A Ha,n nojieM F. IIocKOJibKy onepainiH 
He npeflnojiaraeTCH hh KOMMyTaTiiBHOH, hh accoinraTHBHOH, mm He HaKjiaflbraaeM 

HHKaKHX OrpaHHHeHHIl Ha CTpyKTypHbie KOHCTaHTbi. 

H3 paBeHCTBa (3.1) cjie^yeT, hto npoH3Be,ii;eHHe a, b € A mojkho nanyHHTb co- 
rjiacHO npaBHjiy 

(3.2) (ab) k = B%a l \P 

4. JlHHEHHOE yPABHEHHE B ACCOI^HATHBHOH AJirEBPE 

JInHefiHoe ypaBHenne b accoiniaTHBHOii ajire6pe A Mbi 6yn,eM 3anHCbiBaTb b BH^e 

(4.1) ( s)0 a x ( s )ia = b 

CorjiacHO TeopeMe [2]-9.2.5 mh MOxeM 3anncaTb ypaBHemie (4.1) b CTaHflapTHOii 
cpopMe 

(4.2) a tj eixej = b 



a%d = (s)0 a * (s)l a3 (s)0 a = (s)O a ' e i (s)l a = {s)\a l e,i 

CorjiacHO TeopeMe [2]-9.2.6 ypaBHeHHe (4.2) SKBHBajienTHO ypaBHemno 

(4.3) x'ai = V 

(4-4) 4=a kr B^ pr 

TeopeMa 4.1. Ecau onpedeAumeAt> 

(4.5) det||a?||^0 

mo ypaeueuue (4.1) UMeem eduHcmeenuoe pemenue. 

Ecau onpedeAumeAt> paeeu 0, mo ycAoeueM cyu^ecmeoeaHusi peuxenun sie-Atiemcsi 
F-AuneuHasi 3aeucuM0cm& eeKmopa b om eettmopoe aje 3 - . B 3moM cAyuae, ypae- 
ueuue (4.1) UMeem 6ecKoueuHO mhozo pemeHuu. B npomueuoM CAynae ypaeueuue 
ne UMeem pemenuix. 

/JoKa3ameAbcmeo. YTBepjKfleHHe TeopeMbi HBjiHeTca; cjie^CTBHeM Teopnn jiHHeii- 
hmx ypaBHeHHH Ha^, nojieM. □ 

TeopeMa 4.2. Uycmb ypaeneuue (4.2) ydoeAemeopsiem ycAoeum (4.5). Ecau pa- 
eencmeo (4.2) paccMampueamb kok, npeo6pa3oeauue aAze6pu A, mo o6pamnoe npe- 
o6pa3oeauue modkho sanucamb e eude 

(4.6) x = c pq e p be q 
zde KOMnoueumu c pq ydoBAemeopmom ypaeHenuw 

(4.7) %5' = a^c^Bl p B s qj 
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r Il,oKa3a , meA'bcmeo. Corjiacno Teopeivre 4.1 penieHHe ypaBHeHiia (4.2) e/nincTBeHHO. 
TaK KaK x HBjiaeTCH jnineiiHOH cpyHKnHefi ot b, to Mbi paccMaTpHBaeM CTaH^apTHoe 
npeflCTaBjieHne (4.6) stoii (pyHKiniH. H3 paBeHCTB (4.2), (4.6) cjie^yeT 

(4.8) b = a ij cPOeiepbeqej = a ij c pq B r ip B s qj e r be s 

HocKOjibKy b - npoH3BOjibHO, paBGHCTBO (4.8) aBjiaeTCH 3anHCbK> TOJK^ecTBeHHoro 
npeo6pa30BaHHH. PaBencTBO (4.7) hbjihctch cjie^CTBHeM paBencTBa (4.8) h Teope- 
mh [2]-9.2.13. □ 

5. obpathmoctb 3j1emehta b accoi^hathbhoh aj1febpe 
Teopeivra 5.1. Ilycmb a 6 A He UMeem npaeozo o6pamno30. Tozda 

(5.1) det||B&a*ll=0 

/JoKasamejibcmeo. Ecjiii a G A HMeeT npaBbiii o6paTHBiH, to ypaBHemie 

ax = e ( j 

HMeeT penieHHe. Ecjih onpeflejiHTejib OTjiirqeH ot 0, to penieHHe eflHHCTBeHHO. Cjie- 
flOBaTejibHO, onpeflejiHTejib flOji»ceH 6biTb paBeH 0. CorjiacHO TeopeMe 4.1 ypaBHe- 
nne HMeeT 6ecKOHenHO MHoro pemeHHii, ecjin BeKTop eo HBjiaeTCH jiHHeiiHOH kom- 
6HHaH,HeH BeKTopoB B^-a'Sfe. Ho TOiyja BeKTopti 6a3nca jihhchho 3aBHCHMbi. Cjie- 
,n,OBaTejibHO, ycjiOBue (5.1) SKBiiBajienTno Heo6paTHMOCTH a cnpaBa. □ 

IIpHMep 5.2. Ba3HC b ajire6pe n x n MaTpnn, coctoht h3 MaTpnn; BH,a,a 

4 = (<sj4) 

IlpoH3Be/i,eHHe MaTpnn, ~eP q h ef onpe/i,ejieHHO paBeHCTBOM 

(5.2) eP q e\ = {8%S m S\) = (%6 l q 8' m ) = S p t e s q = <^e} 
H3 paBencTBa (5.2) cjie^yeT 

(5.3) Bi? q .l = SfSISi 

H3 paBeHCTBa (5.3) h TeopeMbi 5.1 oieflyeT, hto MaTpHii,a a neo6paTHMa cnpaBa, 
ecjin 

(5.4) det \\Bp q 4al\\ = det ||^^o*|| = det ||^af || = 

Ecjih mbi npoHyMepyeM ctpokh h CTOji6nbi MaTpnnbi (5.4) HH,a,eKCOM to mm yBH- 
,zniM, hto MaTpnna (5.4) sBjuieTCs MaTpiinen Bii^a 

(a\E n ... a x n E n 

a™E n ... a™lE n j 

vpp E n - n x n eflraniHaa MaTpnna. 
,3,OKa}KeM nHflyKunen no m, hto 

(5.6) det < A, E m >= (det A) m 

Jiiisi m = 1, < A, Ei >= A. CjieflOBaTejibHO, 

det < A, Ei >= det A 

ITycTb yTBepjK,n,eHHe BepHO fljia m—l. Mnnop a^E m mojkho npeflCTaBHTb b BH^e 

a) 
a]i? m _i 
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Bi>i6paB b KajKflOM Mimope OjE m nepBbiii sjicmcht b nepBoit CTopKe, mbi nonyniiM 

MIIHOp 



al 



HMeioiin-iH ajire6paiiHecKoe flonojiHemie 



A 



=< A,E m -i > 



ydiEm-i ... a"E rn ^i 

OcTajibHbie MHHopbi b cooTBCTCTByiomeM MHOJKecTBe ctoji6u;ob HMeiOT, no KpafiHeii 
Mepe, oflHy CTpoxy, cocTOinnyio hs 0. CorjiacHO Teopeivre Jlamiaca ([1], c. 51, [5], c. 
259) 

det < A, E m >= dct A dot < A, E m - X >= dot A (dct A)" 1 " 1 = (dot A) m 

Cjie^OBaTejibHO, H3 TeopeMbi 5.1 cjie^yeT, hto MaTpiin,a A Heo6paTiiMa cnpaBa 
Tor,n,a h TOjibKO Torjia, KOiyja (det A)" 1 = 0. OneBH^HO, hto sto ycjiOBHe SKBHBa- 
jieHTHO Tpe6oBaHHio dot A = 0. □ 

6. yPABHEHHE CLX - Xa = 1 

TeopeMa 6.1. Ypaenenue 

ax — xa = 1 

e aAze6pe Keamepnuonoe ne UMeem pemenuu. 
JJoKaaamejibcmeo. H3 ypaBHeniiH cjiepyei 

(ax) - (xa) = 1 

Ho b ajire6pe KBaTepHHOHOB 

(ax) = (xa) 



□ 



TeopeMa 6.2. ypaenenue 

ax — xa = 1 

e aAze6pe Mampuu, nopndKa 2 ne UMeem pemenuu. 
JJoKasameAbcmeo. TeopeMa HenocpeflCTBenHO cjie^yeT H3 BtiHHCjieHHH 



2 X 2\ ( x \ a \ 




1 a^x-y ~~\~ a^x^ a^x<2 ~\~ @"2 X 2/ V^i^i 





4\ 


w 






x\a\ 


2 a i 


2 1 
x 1 a 2 



^1*^2 ^2^2 ^2*^1 



1 ^2*^1 Ct-^X-^ Qj-^X<2 Qj-^X<2 (XnX^ 

4^1 +( a i - 02)^2 +4 a; 2 = 




(> 



AjicKcaHflp Kjichh 



OneBHflHO, nepBoe h HeTBepToe ypaBHeniie HecoBMecTHMbi. □ 
TeopeMa 6.3. Ypaenenue 

ax — xa = 1 

e aAze6pe A UMeem eduncmeennoe peuienue npu ycAoeuu 

det||(^-^)a l ||^0 
/JoKasameAbcmeo. TeopeMa HBjiaeTCH cjie/i,CTBHeM TeopeMbi 4.1. □ 

7. JlHHEHHOE yPABHEHHE B HEACCOI^HATHBHOH AJirEBPE 

JInHeiiHoe ypaBHemie b HeaccouiiaTiiBHOii ajire6pe A mm 6yn,eM 3anHCbiBaTb b 
BHfle 

(7-1) (s)0 ai (x ( s )i<zi) + (( t )o fl 2 x) ( t )ia 2 = b 

CorjiacHO TeopeMe [2]-9.2.5 mm mojkem 3aniicaTb ypaBHeHHe (7.1) b CTaHflapTHOfi 
cpopMe 

(7.2) a l 1 J ei(xej) + a£ (e~ix)ej = b 

a l J = (s)O a l (s)O a l = (s)O a l e i (s)l a l = (s)l a ! e i 

a 2 J = (s)0^2 (s)1^2 (s)0 a 2 = (s)0 a 2 e i (s)l a 2 = (s)l«2 e i 

TeopeMa 7.1. ypaenenue (7.2) sneueaAenmno ypaenenuw 

(7.3) x*a; = 6" 

(7.4) ^ = <^Br p + a«Bf fe ^ 
/toKasameAbcme-o. H3 paBeHCTBa (3.1) cjieflyeT 

(7.5) ei(zej) = x k ei(e k ej) = x^B^ep = x k B v k -B r ip e r 

(7.6) {eix)ej = x k (e i e k )e j = x k Bf k e p e j = x k Bf k B pj e r 

PaBeHCTBa (7.3), (7.4) cjieflyroT H3 paBeHCTB (7.5), (7.6). □ 
TeopeMa 7.2. Ecau onpede/iumejih 

(7.7) detlKH^O 

mo ypaenenue (7.1) UMeem eduncmeennoe peuienue. 

Ecau onpedeAumeAb paeen 0, mo ycAoeueM cyuificmeoeanusi pemenusi sieAfiemcsi 
F-AuneunaM 3aeucuMocmt> eenmopa b om eeKmopoe (Ae.j . B 3moM cjiyuae, ypae- 
nenue (4.1) UMeem 6ecKonenno mhozo peuienuu. B npomuenoM CAynae ypaenenue 
ne UMeem peuienuu. 

/JoKa3ameAbcmeo. YTBepjKfleHHe TeopeMbi HBjiaeTca; cjie^CTBHeM Teopim jiiiHeii- 
hmx ypaBHeHiiii Hafl nojieM. □ 



JlHHeftHoe ypaBHCHHC b kohcmhomcphoh ajirc6pc 



7 



8. CnHCOK JIHTEPATYPbl 

[1] A. R Kypoin, Kypc Bbicnieii ajire6pti, M., HayKa, 1968 

[2] AjiexcaHflp Kjieim, JleKiriiH no jniHenHoft ajire6pe Ha,u, TejiOM, 

eprint arXiv:math.GM/0701238 (2010) 
[3] AjieKcanflp Kjieita, BBeflemie b MaTeMaTHnecKHii aHajiH3 Ha,n, TejiOM, 

eprint arXiv:0812.4763 (2010) 
[4] AjieKcaH,n;p Kjieim, BBe,u;eHHe b reoMeTpHio Hafl tcjiom, 

eprint arXiv:0906.0135 (2009) 
[5] Hal G. Moore, Adil Yaqub, A first course in linear algebra with applications, 

Edition 3, Academic Press, 1998 



